We discuss boosts in a deformed Minkowski space, i.e. a fourdimensional space-time with metric coefficients depending on nonmetric coordinates (in particular on the energy). The general form of a boost in an arbitrary direction is derived in the case of space anisotropy. Two maximal 3-vector velocities are mathematically possible, an isotropic and an anisotropic one. However, only the anisotropic 1 velocity has physical meaning, being invariant indeed under deformed boosts.
Introduction
In the last years, two of the present authors (F.C. and R.M.) proposed a generalization of Standard Special Relativity (SR) based on a "deformation" of space-time, assumed to be endowed with a metric whose coefficients depend on the energy of the process considered [1] . Such a formalism (Deformed Special Relativity, DSR) applies in principle to all four interactions (electromagnetic, weak, strong and gravitational) -at least as far as their nonlocal behavior and nonpotential part is concerned -and provides a metric representation of them (at least for the process and in the energy range considered) ( [1] - [5] ). Moreover, it was shown that such a formalism is actually a five-dimensional one, in the sense that the deformed Minkowski space is embedded in a larger Riemannian manifold, with energy as fifth dimension [6] .
In particular, the explicit expression of the Lorentz boost in the deformed Minkowski space M 4 for velocity along one of the coordinate axes was derived in Ref.s [1] in the simpler case of an isotropic space. In this paper, following the line of mathematical-formal research started with [7] , we want to derive the form of the deformed boost for velocity in an arbitrary direction, and in the general case of spatial anisotropy. Such a problem is far from being trivial, on account of the intrinsic anisotropic nature of M 4 . Moreover, as we shall see, this will allow us to further clarify the meaning of the maximal causal velocities in the deformed space-time.
The organization of the paper is as follows. In Subsect. 2.1 we briefly introduce the concept of deformed Minkowski space. Subsect. 2.2 deals with the problem of the maximal velocity in M 4 , namely the equivalent of the light speed in SR. It is shown that two different mathematical procedures lead to two different maximal velocities, an isotropic and an anisotropic one.
Subsect.s 3.1 and 3.2 deal, respectively, with a boost along one of the coordinate axis and in an arbitrary direction, in the general spatially anisotropic case. The expression of the deformed boots symmetric in space and time coordinates is given in Subsect. 2.3. We derive in Subsect. 2.4 the generalized velocity composition law, which allows us to state that only the anisotropic velocity is actually invariant under deformed boosts, and has therefore a true physical meaning.
2 Deformed Special Relativity in four dimensions (DSR4)
Deformed Minkowski space-time
The generalized ("deformed") Minkowski space M 4 (DMS4) is defined as a space with the same local coordinates x of M 4 (the four-vectors of the usual Minkowski space), but with metric given by the metric tensor
It is easily seen that the two (space) scalar products · and * iso are proportional :
2.2 The trivector "maximal causal velocity"(m.c.v.) in SR and in DSR4
As is well known, the maximal causal speed in M 4 is obtained by putting ds 2 = 0, whence
Then one interprets c as the maximal causal speed along any direction of the (Euclidean) space R 3 (embedded in the pseudoeuclidean Minkowski space-time M 4 ). Such an interpretation is obviously based on the physical fact that c coincides with the light speed in vacuum, and on the isotropy of R 3 3 . Therefore c represents the value of any of the three components of the vector m.c.v. of SR, u SR , namely:
Then, c 2 is not, in general, a square modulus, but the square of any component of u SR , whose square modulus (obviously with respect to the Euclidean scalar product ·), is instead:
so that
The above procedure must be suitably modified in the DSR4 case, due to the space anisotropy of M 4 .
Actually, in order to sort out a single component of the 3-vector m.c.v., in a general 4-d special-relativistic theory (characterized by a diagonal metric tensor g µν ({x} n.m. ) , where {x} n.m. is a set of non-metrical variables), one has to exploit a "directional separation" (or "dimensional separation") method, which consists of the following three-step recipe (ESC off throughout):
1-Set ds 2 equal to zero:
2-In order to find the i-th component u i ({x} n.m. ) of the m.c.v., put dx j = 0 (j = i) , thus getting
3-Evidence on the lhs of (11) 
II) One carries to the lhs of (11) (−g ii ({x} n.m. ))
(which amounts to consider the 3-d deformed product * defined by −g ij ({x} n.m. ) = δ ij |g ii ({x} n.m. )| , thus getting an isotropic m.c.v.:
The two subcases I and II differ essentially by the different way of implementing the space anisotropy. In the former case, the anisotropy is embedded in the definition of m.c.v.; in the latter one, in the scalar product 4 5 .
5 Let us notice that the directionally separating procedure can be consistently applied only to (special-or general-relativistic) metrics which are fully diagonal. This is obviously due to the mixings between different space directions which arise in the case of non-diagonal metrics.
Specializing the above equations to the DSR4 framework, we get therefore, in the two subcases: I)
The vector u is the (spatially) anisotropic generalization of the maximal causal speed introduced in the (spatially) isotropic case [1] ;
i.e in this subcase (unlike the previous one, see Eq.s (14) , (15)) one can state a proportionality relation by an overall factor (even if dependent on the metric coefficients) between u i DSR4,II (x 5 ) and u DSR4,II (x 5 ) * . We have therefore shown that the two different procedures of directional separation lead to two different mathematical definitions of maximal velocity, an isotropic (w) and an anisotropic (u) one. The choice between them must be done on a physical basis (see Subsect. 3.4) .
3 Boosts in DSR4
It follows from the principles 1), 2) of DSR4 that the transformations among TIRF's, called "Deformed Lorentz transformations" (DLT), are those (homogeneous) coordinate transformations which leave the metric tensor η µν invariant. Since the deformed Minkowski space is a special case of a Riemann space, we can state that the DLT's are the space-time rotational component of the (maximal) Killing group of M 4 (x 5 ). Then, physical laws are to be covariant with respect to such generalized transformations.
By following a procedure analogous to that used in SR to derive LT's (see Appendix A), we get, for a boost along
where:
Of course, in the non-relativistic limit lim c→∞ , β → 0 + and γ → 1 + , so that the deformed boosts reduce to the Galilean transformations.
Boost in a generic direction
In this case, the relative velocity is v = v 1 x + v 2 y + v 3 z , and we have to suitably generalize definitions (20), (21) as follows 6 :
where (cfr. Eq. (14))
In order to derive the expression of the deformed boost in a generic direction, it is possible to use the same method of the previous case (see Appendix A). However, it is simpler to consider the notion of parallelism between 3-vectors in M 4 (x 5 ) 7 and decompose the space vector x in two components, x and x ⊥ , parallel and orthogonal, respectively, to the boost direction v 
i.e iff n is a spatially isotropic trivector. 7 The definitions of parallelism and orthogonality are to be meant in the sense of the deformed 3-d. scalar product * (see Eq. (3)).
(with || * denoting the absolute value of a trivector with respect to the deformed scalar product * , whereas the notation || will be used for the trivector norm with respect to the standard product ·)
It is easily checked that indeed
We can now apply the boost (19) to x and x ⊥ , thus getting
where we put (cfr. Eq.s (22)- (24))
We can therefore state that the deformed boosts admit a double treatment, either:
I) In terms of the Euclidean scalar product ·, of the (anisotropic) m.c.v. u and of the related "rapidities" β and B ,or II) in terms of the deformed product * , of the (isotropic) and B ( * ) 8 .
Then, the space vector transforms as :
and we eventually find the expression of the deformed boost in a generic direction :
Symmetrization of deformed boosts
As in the case of standard SR, it is possible to symmetrize the expression of boosts in DSR4 by introducing suitable time coordinates. Let us first consider a deformed boost along x i ( i = 1, 2, 3); the symmetrization transformation (a "dimensionally homogenizing dilato-contration") of t is given by 8 It is possible to show that, in this case, more equivalent forms of the deformed boost (32) exist. As is easily seen, this is due to the fact that, in general, β = v and B = v , whereas β ( * ) = v = B ( * ) (cfr. Eq.s (22), (34), (36) and (37)).
The deformed metric tensor in the new "primed" coordinates,
0 , x, y, z}, reads :
Eq. (19) takes therefore the symmetric form in x i e x 0 (ESC off):
Transformation (40) does not symmetrize the deformed boost in a generic direction (unlike the case of SR, where the same transformation x 0 = ct symmetrizes both boosts). In this case, the symmetrization is possible only if the treatment II (based on the deformed scalar product * ) is used.
In fact, by using the proportionality (already stressed in footnote 8)
, B ( * ) and v, the following transformation on t
does symmetrize Eq. (32) in x e x 0 :
Under transformation (43), the metric tensor becomes :
Therefore the symmetrization of the deformed boost in a generic direction makes the 4-d. metric isochronous, since η ′ 00 = 1 so that τ = t (namely proper time coincides with coordinate time) .
Let us finally notice that, like in the SR case, the boost in generic direction expressed in terms of x e t (Eq. (39)) cannot in general be symmetrized.
Velocity composition law in M 4 and the invariant maximal speed
We have seen in Subsect. 2.2 that the directionally separating approach (mandatory in the deformed case) yields two different mathematical definitions u (Eq. (14)) and w (Eq. (16)) of maximal causal velocity in DSR4.
The choice between them must be done on a physical basis, by checking their actual invariance under deformed boosts.
To this aim, we have to derive the generalized velocity composition law valid in M 4 . For a deformed boost in the direction x i , we have, by differentiating the inverse of Eq. (19) (on account of the fact that dx 5 = 0 in DSR4) (ESC off):
with γ given by (21). Since
we get the deformed velocity composition law (in compact notation, ESC off)
This relation can be expressed in terms of the standard 3-d. scalar product · (and therefore of the anisotropic maximal velocity u) (approach I) as
where (cfr. Eq.s (22), (23))
Alternatively, we can use approach II, based on the deformed scalar product * (and therefore the isotropic maximal velocity w) and write Eq. (48) as
with (cfr. Eq.s (34), (33))
It is now an easy task to check the truly maximal character of the two velocities. Indeed, if (
whereas, for (
We can therefore conclude, on a physical basis, that u is the maximal, invariant causal velocity in DSR4, and it plays in the deformed Minkowski space M 4 the role of the light speed in standard SR 9 .
It is also easy to see why -although approach II) looks at first sight more rigorous mathematically, because it permits to connect the peculiar features of spatial anisotropy of DSR4 to the deformed product * , "naturally induced" from the metric of M 4 (x 5 ) -actually it is approach I) which yields the physically relevant result. Indeed, the velocity u is just defined as dx dt , and it therefore represents the physically measured velocity, for a particle moving in the usual, physical Euclidean 3-d space. On the other hand, this result clearly shows that the space anisotropy introduced by the deformed metric is not a mere mathematical artifact, but it reflects itself in the physical properties (imposed by the interaction involved) of the phenomenon described by the deformed space-time.
The comparison of the deformed boost expressions (Eq.s (19), (32)) with the corresponding ones of the standard Lorentz boosts shows clearly that the transition from SR (based on M 4 ) to DSR4 (based on M 4 ) is simply carried out by letting
In other words, the difference between M 4 and M 4 (x 5 ) (at least as far as 9 Of course, in the case of space isotropy (cfr. Eq. (4)), we recover the result of Ref. [1] , namely an isotropic maximal causal velocity given by
Moreover, notice that it can be
In other words, there may be maximal causal speeds superluminal, depending on the interaction considered (without any violation of causality).
the finite coordinate transformations are concerned) is completely embodied in the trivector m.c.v. u.
Choosing the boost direction in DSR4
We want now to remark a difficulty arising in the context of DSR4, due to the space anisotropy.
Indeed, the space anisotropy (reflected in the physical anisotropic m.c.v. u) produces a triple indetermination in the process of identifying the motion axis with any of the space coordinate axes, since now -unlike the SR casethe space dimensions are no longer equivalent.
However, this indeterminacy can be removed (at least in principle) by means of the following Gedankenexperiment . Consider three particles (ruled by one and the same interaction) in general different but able to move at the maximal causal velocity u i (x 5 ). Suppose they are moving in the 3-d Euclidean space along mutually independent (orthogonal) spatial directions. Assigning an arbitrary labelling to the particle motion directions, we can fix an orthogonal, left-handed fame of axes. Since by assumption we know the interaction which the particles are subjected to, we know the deformed metric and therefore the metric coefficients as functions of the energy, b 2 µ (E). Then, a measurement of the particle velocities allows us to determine the right labelling of the spatial frame (cfr. Eq. (24)).
This implies that in the context of DSR4, too, it is always possible, at physical level, to let one of the three space axes to coincide with the direction of motion of a physical object, and therefore apply the suitable deformed boost.
Appendix A Consider two TIRF's, K and K ′ ; by definition, the DLT's are metric isometries, i.e. leave invariant the deformed metric interval (2), whence:
Moreover, without loss of generality, we can assume that the frames K and K ′ are in standard configuration (i.e. their spatial frames coincide at t = t ′ = 0). By choosing the boost direction along x 1 = x , we have therefore y ′ = y , z ′ = z, and Eq. (A.1) reduces to
From space-time homogeneity it follows that the functional relations between the two sets of coordinates {x, y, z, t} and {x ′ , y ′ , z ′ , t ′ } must be linear. Then, in general, the deformed coordinate transformations are to be searched in the form
where the coefficients A 11 , A 14 , A 41 , A 44 depend a priori in general on v and x (and, parametrically, on x 5 ). Notice that the origin O ′ of TIRF K ′ must move in K with velocity v = v 1 x , and therefore : From the physical requirement that the origin O ′ of TIRF K ′ must move in K with velocity components v 1 along x, v 2 along y, v 3 along z , one gets: Equating the coefficients on both sides of (A.12) one gets a system of 10 quadratic equations in the 13 unknown coefficients {A ij , A 4i } (i, j = 1, 2, 3), namely :
